We examine a paradox, suggested by Banks and Dabholkar, concerning nonperturbative effects in an effective field theory which is obtained by integrating out a generation of heavy fermions, where the heavy fermion masses arise from Yukawa couplings. They argue that light fermions in the effective theory appear to decay via instanton processes, whereas their decay is forbidden in the full theory. We resolve this paradox by showing that such processes in fact do not occur in the effective theory, due to matching corrections which cause the relevant light field configurations to have infinite action.
Some time ago, D'Hoker and Farhi [1] studied the decoupling of a heavy fermion which gets its mass through a Yukawa coupling to a Higgs field. In this case, the standard decoupling theorem of Appelquist and Carazzone [2] does not apply, since a heavy fermion necessitates a large coupling. D'Hoker and Farhi found that a Wess-Zumino term [3] is naturally generated in the process of integrating out the heavy field. Consequently, no anomaly problems arise in the low energy theory even when the heavy fermion is involved in an anomaly cancellation mechanism in the full theory. In fact, it seems that as far as perturbation theory is concerned, all of the low energy structure of the full theory can be reproduced in the effective theory.
More recently, Banks and Dabholkar [4] have suggested that there is no way to match the nonperturbative behavior of the original theory using a local low energy Lagrangian for the light fields. In particular, they suggest a problem with the 't Hooft instanton process [5] . In the original theory, a light fermion cannot decay via such a process because the difference between light and heavy fermion number is a conserved quantity. In another language, the 't Hooft instanton has zero modes for all fermions, so that all generations must participate in any instanton induced interaction. On the other hand, in the low energy effective theory, they find nothing to prevent a light fermion from decaying through instantons.
In this paper, we examine this apparent paradox. The key observation is that the contribution to the effective Lagrangian in the full theory from integrating out the heavy fermions is a non-analytic function of the Higgs field. But the Lagrangian of the effective low energy theory 1 must be a polynomial. This is not a failure of decoupling, but it does mean that an extra step is required in matching onto the low energy theory. We must expand the full theory effective Lagrangian in powers of the shifted Higgs field and truncate the expansion at some finite order. We resolve the paradox by showing that such a consistent matching from the full theory to the low energy effective theory described by a local, polynomial Lagrangian generates terms which forbid the instanton configurations in the low energy theory. The instantons do not exist because the would-be instanton configurations have infinite action.
First, note that there are two ways to have a separation of scales between light and heavy fermions. In one scenario, assumed in the analysis in [1] , the light fermions are either below or at the VEV scale, while the heavy fermions are much heavier than the VEV. The gauge bosons are also light, and the physical Higgs potential is massively fine-tuned to keep the Higgs mass at the VEV scale. There are several problems with this approach.
First, the theory is strongly coupled, and we don't really know how to deal with it in perturbation theory. In addition, we expect solitons to exist at the VEV scale which will carry the heavy fermion number [6] . Therefore, our supposed low energy effective theory will not even have the right particle content. Finally, there are indications (e.g., [7] ) that a theory with a large fermion mass may well be inconsistent because the Yukawa coupling increases at small distances and may blow up at a finite scale. It makes no sense to give a fermion a mass greater than the cutoff scale of the theory.
For these reasons, we will concentrate on an alternative scenario, proposed by D.
Kaplan and discussed in [4] . Here, the heavy fermion is below the VEV scale, while everything else is much lighter still. A problem suggested in [4] , apart from the fact that the Higgs mass has to be fine tuned, is that the Higgs effective potential is unbounded below
for large values of the field. In fact, in the regime that we are considering, the turning point predicted by the one-loop effective potential may not be very far from the VEV. However, we know that our "full" theory is in fact an effective theory because, for example, it is not asymptotically free. We may imagine, for example, that the Higgs doublet is a composite formed by an ultrafermion condensate not far above the SU (2) × U (1) breaking scale [8] . Then the minimum in the Higgs effective potential which occurs at the VEV is the true minimum, rather than a metastable vacuum which it appears to be if we assume the original theory to be valid at all scales. Of course, we must then be prepared to consider nonrenormalizable terms in our "full" theory. Because the ultracolor physics (or what ever it is) does not break the SU (2) × U (1) symmetry, we can ignore it in the discussion below.
We now show that the instanton which appears to allow the light fermion to decay in the effective theory in fact does not exist. Every non zero winding number configuration is associated with divergent Lagrangian density near the core. The high density arises from terms in the effective theory obtained by integrating out heavy fermion loops with multiple Higgs insertions. These non-renormalizable terms involve large numbers of derivatives of the angular part of the Higgs field. After integration of the Lagrangian density over spacetime (where the integral has been regularized near the origin in some reasonable way),
we obtain an infinite action. Therefore the configuration does not contribute to the path integral. This is not surprising, because we expect on physical grounds that high frequency configurations should not contribute in the low energy theory.
We imagine computing the Lagrangian for the low energy theory (to first order in the loop expansion) by integrating out heavy fermion loops in the manner of [1] , except that the heavy fermion Yukawa coupling is less than unity, and the ratio of scales is finite. In the low energy Lagrangian, there will be a tower of nonrenormalizable interactions with dimension greater than four. In practice, we must always truncate the low energy Lagrangian at some point and ignore the interactions with dimension greater than some integer, n > 4. This is a perfectly natural procedure which we might implement automatically without thinking too deeply about it if we were computing the low energy Lagrangian in perturbation theory about the broken symmetry vacuum state. However, this simple point implies a dramatic difference between the effective theory and the full theory. It implies that in the effective theory we must truncate the expansion of the Lagrangian in powers of derivatives, powers of the gauge field, and powers of the shifted physical Higgs field. It is important to note in particular that we are not allowed to sum up the powers of the shifted Higgs field. If we were to do so, we would obtain terms involving only the unshifted Higgs doublet (and its derivatives), but they would be non-analytic in this field. The fact that, at least to one-loop order, one can write down a (non-analytic) effective Lagrangian in the full theory which is a function of the light fermion fields, the gauge fields, and the Higgs doublet field,
is not relevant to the problem of constructing the Lagrangian in the low energy theory, where we have no choice but to separate the Higgs doublet into its radial and angular components, shift the physical field, and construct a (truncated) expansion in the shifted field.
Let us understand exactly what types of terms arise in our effective theory, after we integrate out the heavy fermions. We are concerned with diagrams which have one heavy fermion loop. These generate terms involving the gauge field A µ and the spinless doublet field Φ = φU (with U the unitary part and φ = φ ′ + v the magnitude -φ ′ is the physical Higgs field). For simplicity, we will consider the situation in which the two components of the heavy fermion doublet are degenerate. Then the field Φ always appears multiplied by a single Yukawa coupling, which we will call λ. 2 We expand these expressions in inverse powers of the VEV v. Using the field variables A µ , φ ′ , and U , we obtain terms of the form
where (∂U ) t is a generic symbol for t derivatives acting on U or U † , multiplied by appropriate factors of U and U † . For example, (∂U ) 
where P ± = (1±γ 5 )/2. This modification arises from insertions, on the fermion propagators in the diagram, of vertices with zero-momentum Φ or Φ † fields. The infinite geometric series of such terms yields the modified propagator. The inclusion of diagrams with zero-momentum insertions is necessary because diagrams with more than four external fields produce terms with four derivatives; their contribution to the four-derivative term is obtained by setting all but four momenta in the diagram equal to zero. The chiral structure of (2) requires, e.g., an odd number of zero-momentum insertions between a Φ and a Φ, hence the three possible forms of the modified propagator. As mentioned above, the presence of φ fields in the denominator will be seen to be of the utmost importance.
The diagram with, e.g., four alternating Φ and Φ † insertions will yield various expressions, including ones of the form
and
where µ is a renormalization scale. Here P (2) and P (4) are generic symbols for second and fourth order polynomials in the φ momenta p i and the U or U † momenta q i (i = 1, . . . , 4).
These polynomials are symmetric in p and q, as well as in i (with 4 1 (p i + q i ) = 0), and their coefficients depend on the Feynman parameters y. If we were to perform the integration over Feynman parameters, we would obtain expressions which are non-analytic
now stands for a second order polynomial in the external momenta with fixed coefficients. However, for convenience we will delay doing the parameter integrals.
We now must decide what to do with non-analytic expressions such as (3) and (4), since we want to obtain a local low energy Lagrangian, i.e., a polynomial in the light fields (in particular φ ′ = φ − v) and derivatives.
Let us concentrate on (3). In order to get the φ's out of the denominator we must perform two expansions: (i) we must expand in momenta, and (ii) we must expand in the physical Higgs field φ ′ .
Consider the momentum expansion. If the momenta are small, such that
becomes
The Feynman parameter integrals may now easily be done, to yield an expansion with fixed coefficients. The leading term in (5) produces the (∂U ) 4 /v 0 term that we wish to concentrate on. In position space this leading term yields expressions such as
Expanding the first gives
The first term in (7),
is the one we are interested in; it has 1/r 4 behavior at the origin and leads to infinite instanton action.
The above expansion is clearly the correct one for perturbatively computing (low energy) amplitudes in the effective theory. Now consider nonperturbative effects in the low energy theory. For any non-zero winding number configuration, there is a region near the core where our expansion breaks down because P ′ (2) /λ 2 φ 2 becomes large. However, when we examine the question of instantons in the low energy theory, we should do so without referring back to the full theory from which it originally came. From the point of view of the effective theory, we have a low energy Lagrangian which we must use to evaluate the action for any configuration of light fields. It is not relevant that large P
outside of the radius of convergence of the original expansion. What is relevant is that the low energy Lagrangian which we have obtained matches correctly both the perturbative and the nonperturbative physics which is predicted by the Lagrangian of the full theory.
There is nothing very surprising about the fact that winding configurations do not contribute to the effective theory physics. The Goldstone boson fields are rapidly varying in an instanton configuration -their derivatives approach infinity at the center. In the full theory instanton, the Goldstone boson fields are a part of an SU (2) multiplet with the physical Higgs field, and this field vanishes at the center of the instanton. Thus, in the full theory, the rapid variation of the Goldstone boson fields is just a coordinate singularity; nothing physical is actually getting large. But in the low energy theory, the connection between the Higgs field and the Goldstone boson fields is severed by the matching corrections discussed above. In the low energy theory, the singularity in the Goldstone boson derivatives at the center of the instanton is real. Thus the instanton configuration is rapidly varying and should be irrelevant to the physics of the low energy theory.
We have determined that no configuration with non-zero instanton number exists Therefore, there is no discrepancy between the two theories for large instantons. As far as small instanton pairs are concerned, their effects can be matched onto the low energy Lagrangian at second order in the instanton density expansion using the framework developed in [9] . In any case, nonperturbative effects in the zero-instanton sector are not a matter of great concern. They will contribute only to processes which can already take place perturbatively in the low energy theory, and they will be exponentially suppressed in the small gauge coupling constant.
The possible existence of nontopological (bag-like) solitons is another matter which deserves attention [4] . These are three-dimensional configurations where the Higgs field bends towards zero in a finite region of space, allowing a "light" heavy fermion to be located at the center. The same situation arises as with topological solitons. These baglike objects would be interesting (and problematic) if we could make the heavy fermion much heavier than the VEV (see the fourth paragraph of this paper). In the more realistic scenario with which we are dealing, balancing between the second order and higher order derivative terms will make the mass of any potentially stable soliton be on the order of the VEV, and hence heavier than the heavy fermion itself. Thus, there are no states in the low energy theory which carry the heavy fermion quantum number. In the full theory, it seems clear that such nontopological objects of all sizes are unstable.
It has been argued [10] that the apparent impossibility of correctly computing the effective action for all light field configurations using a low energy Lagrangian is a problem for the theory, because knowing the effective action for all configurations is equivalent to knowing all one-particle-irreducible Green's functions. Furthermore, it was asserted that only the S-matrix can be matched in the effective theory. In fact, there seems to be no obstacle to matching low momentum one-light-particle irreducible Green's functions in the full and effective theories, and we do not expect to be able to match high momentum Green's functions in a low energy theory. More concretely, in our model there is no discrepancy in contributions to bosonic Green's functions coming from the one instanton sector, since instantons do not contribute to the bosonic effective action in either the full or the effective theory. As far as small instanton pairs in the full theory are concerned, they may be important for computing short distance bosonic correlators, but these are precisely the correlators which we do not compute in a low energy theory.
Normally, in the presence of instantons, the matching process requires a consistent expansion in both the number of loops and the instanton density [9] . In our case, this approach is not directly applicable because the one-loop correction to the instanton action in the effective theory is not small. A self-consistent approach here seems to be as follows.
First, we perform the matching calculation to one loop order, as shown above for the heavy fermion loops. At this order, we already see that instantons have infinite action and thus do not contribute to physical quantities in the effective theory. We then go on to do the matching at higher orders in the loop expansion, noticing that the instanton action in the low energy theory remains infinite at each order in this expansion. Also, since processes involving (small) instanton dipoles are relevant in the full theory, we also expand in powers of the dipole density in the full theory, with the effects being matched onto high dimension terms in the low energy Lagrangian.
